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For t fixed, n+t points Ay, Aq,...,An and By, Bs,...,B; are constructed in the plane with
O(+/n) distinct distances d(A;B;). As a by-product we show that the graph of the k largest

distances can contain a complete subgraph K, with n = @(kz), which settles a problem of
Erd8s, Lovasz and Vesztergombi.

1. Imtroduction

Given any n+t points 4 = {A41,As,...,An} and B = {B1,By,...,Bt} of the
plane denote by F(4,B) the number of distinct distances d(A;,B;) (for i <n and
Jj<t). For each fixed t, put

fi(n) = min{F(4,B) ; |4 =n,|B| =t}.

We want to determine the order of magnitude of fi(n) as a function of n while ¢,
as mentioned above, is fixed.

The case t=1 lacks any interest at all, since f1(n)=1 for all n. (Just put all
the A; on a circle around B=Bj.)

Proposition. For all t>2,
fi(n) > [ n/ 2.]
and equality holds e.g. for t=2.

Proof. Obvious since each A; must be one of the intersection points of two circles;
one from a set of fi(n) circles about By and another one, from a set of the same
size, about B». ]

One might guess that for ¢ > 3 such a low order of magnitude cannot be
attained; f:(n) will be much bigger than c\/n.
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However, this is not the case. We are going to construct point-sets of n+1
points for every ¢t and n > 4¢3 with F(4,B) <+/nt+3t/2 (see Theorem 2 below).

Another related problem is the following (see [4]). Let S be a set of points
in the plane. Let us denote by dj >ds > ... the different distances determined by
these points and by G(S,k) the graph on the vertex set S obtained by joining two
points iff their distance is at least dy. Erdés, Lovasz and Vesztergombi call G(S,k)
“the graph of the k largest distances” of S. They also posed the following problem
there:

Given t>3 and k, how large a complete bipartite graph K ; can be contained
in G(S,k)?
For any positive integers t and k put

gt(k) = max{n ; 35 IK;,, C G(S,k)}.
Again, the case =1 is not worth mentioning. Otherwise, for t>2, we have
gi(k) = O(k?)

e.g. from the previous Proposition. Also this order of magnitude will be shown to
be best possible (in Theorem 3).

Qur basic tools will be certain “grid-like” structures that we call circle grids
which, together with our fundamental Theorem 1, are introduced in the next
section. To give the reader a taste of their flavor, we briefly sketch here how to
construct point sets that demonstrate

fa(n) < ev/n.

If we fix B={B-1(-1,0); Bo(0,0); B1(1,0)} then for every A; the distances between
A; and the B; satisfy

d*(A;, B_1) + d*(A;, By)
2

d*(A;, Bg) = -1

This suggests that we make the squares of all distances (on the right hand side) to
be cy/n consecutive members of the same arithmetic progression of integer terms;
this guarantees that there will be at most 2cy/n possible values for the left hand
side. A bound of f3(n) <+/2n can be proven this way. Circle grids will arise as
generalizations of this simple idea.

If we want to decrease this coefficient v/2 of /n, we can e.g. consider only
those points for which the right hand side is an integer. This reduces the size of
A, as well as the number of the distinct d(A;, Bg), by a factor of 2 and results in a
construction with ~+/n different distances.

Remark. It is worth mentioning that we have been unable to further decrease the
gap between the upper estimate 1/n and the lower bound /n/2 of f3(n).
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2. Results and open problems

Circle grids

In what follows straight lines are considered as degenerate circles.

Definition. A circle grid % of size M x N is a triple (*,#,P) where the first two
symbols,

V={V;i=12,...,M} and
%Z{Hj,j = 1,2,...,N}
denote sets of circles (or lines) and we require that each V; intersects all the Hj.

(We might call the curves in ¥* and # “vertical” and “horizontal”, respectively.)
The last member of the triple,

?Z{Pij;i—*—l...M,jZI...N}

is the point set of the grid where P;; is a common point of V; and H; for i=1... M,
j=1...N. (Note that by this definition different point-sets can correspond to the
same sets of curves.)

Definition. Let s be a rational number. A subset &, of 7 is a diagonal set of slope
s if, for any P;,j;, Piyj, €Ds,

(41 — J2) = s(i1 —42).

Ds is mazimal if it is not a proper subset of another diagonal set of the same slope
(see some diagonal sets of slope 1 in Figure 1.).

/

Fig. 1
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The Theorems

Our aim is to construct circle grids with diagonals as “nice” as those of a usual
rectangular grid.

Theorem 1. For arbitrary integers M, N and T > M? there exists a circle grid
t@g\}’ n of size 2M +1) x N in the upper half-plane with the following properties:

(i) for any rational number s, each diagonal set D of slope s lies on a circle
about Os=(s,0);

(ii) if ps is the radius of this circle then
S+ T+1—sM<p2<s®+T+N+sM;

(iil) if, moreover, s is an integer then also pg is an integer;
iv) the distances d(Pyy, Py, ) are bounded by a quantity independent of T
uv

[For large values of s, (i) is meaningless as all the D; become singletons;
however, e.g. for small integer values of s, it is rather strong a condition.]

It is worth to note that if we pick ¢ consecutive integers as a range for s,
then there will be at most N +tM different radii d(P, ,,0;) (see Lemma 4). If,

moreover, we make N and M proportional to \/n, then we immediately get a
bipartite graph with “few” distances. More detailed computations will prove the
following assertions.

Theorem 2. For t>3 and n>4t3,

fe(n) < Vin+ —gt.

Remark. For certain values of t and n, also a better bound can be found, see Lemma
5. On the other hand side, if we need an estimate without the assumption on n, it
is possible to find one that involves a term ¢2 as well.

Also the Erdés—Lovédsz—Vesztergombi problem can be settled, using Theorem 1.

Theorem 3. For t>3 and k Z2t2,

(k - 2t)?

>
gi(k) = 57

[Again, for special values of ¢ and k, better bounds exist, see Lemma 6.]
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Unsolved problems

Several questions concerning circle grids remain open. First of all, the point
sets (mentioned in Theorem 1) that we construct will have the degeneracy that all
the Bj; lie on a straight line.

Problem 1. Does Theorem 1 hold true even with the additional assumption that
no three of the B; be collinear?

The answer is unknown even for ¢t = 3. It is not unlikely that solving this
problem would require some deep number—theoretic insights.

fi(n) ge (k)

Problem 2. Does lim ~—= and/or lim =5+ exist and if so, determine them as
a function of t.

The following problem of Erdés [1] was partially solved in [2]:

Are there n points {F;;i=1...n} in the plane that determine cn® unit circles,
i.e for which there exist cn? different unit circles that contain three (or more) of
the P; each?

An affirmative answer to the above question would be implied by the following
one (though we believe that the answer is negative):
Problem 3. Does there exist an n X n circle grid with all the V; and the H; unit
circles, all whose diagonal sets of slope 1 also lie on unit circles?

A related question that also involves unit circles was formulated by
L. A. Székely [3], who was looking for three sets that consist of n concurrent unit
circles each and cover cn? points three times.

Yet another problem on other types of circle grids:
Problem 4. Does there exist a circle grid whose V; and H; as well as the diagonals
D are all concentric circles?
[In the structure that we construct only the V; lack this property.]

2

3. Proofs

Proof of Theorem 1.

Let N, M and T > M? be given. Define U (the ”vertical” curves) to be the
set of the vertical lines

Ly: z=u/2 foru=-M,...,—1,0,1,..., M.
Let #£ (the “horizontal” curves) be the set of circles about the origin
Cy 1:2+y2:T+v forv=1,2,...,N.

Each of these C, will intersect all the L, since their radii /T +v are larger than
M by the assumption T'> M?2.

Finally, we define the Py, as those intersection points of the above lines and
circles which are in the upper half-plane.
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To prove that Os=(s;0) satisfies (i), we first mention that the coordinates of

the Py, are (u/2;+/T +v—u?/4) whence
(1) d*(Pyu, Os) = (u/2 = )2 + (T + v — u?/4) = (s* + T) + (v — su).
Here the first term of the last expression is a constant if s is fixed and the second
one, while P, ranges over the points of a diagonal set of slope s, must also remain
a constant.
To show (ii) and (iii), just observe that by (1),
2 __ 12 (2
ps: = d*(Pyy, Os) = (s* + T) + (v — su),
whence (iii) is obvious. The right hand side attains its minimum for u=M, v=1

and its maximum for u=—M, v=N, which proves (ii).
Also (iv) is clear from

2 w2 02 ) 2
d(PuvaPu’v’):<‘2'—_2‘> + T+v—-z-— T+U,_T <
v w2 u2 '
< | == — = \Y=-T I
_<2 2) +(T+v 4) ( + v 4)

where the two T"’s cancel. 1

Before turning our attention to the proofs of the other two theorems, we
estimate the number of distinct distances in the grid just constructed.

Lemma 4. Assume M >t—1 and pick B = {Os : s:O,il,:l:2,...,:t%}. Then
the number of the distinct distances d(Pyy,O;) is at most N+ (t—1)M.

Proof. On the one hand

t—1\2 t—1
d?(Pyuy, Os) = p2 <+ T+ N+ sM < (T) +T+N+ M

while on the other hand

dQ(Pm,,Os)zpz‘Zsz—l—T—l-l—sM:
=s(s-M)+T+1> (byM=>t-1)

2
t—-1/(t-1 t—1 t—-1
> - —_—— = —_— 1—————~
z ( 7 M>+T+1 < 7 ) + T+ 3 M

and, of course, there are N+ (t—1)M integers within this range. 1
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Proof of Theorem 2

First we prove a sharper bound for certain special values of ¢ and n.
Lemma 5. Ift>3 is odd, n>4t> and n=(t—1)(2M +1)? for some M, then
t—1
filn) <+/n(t-1) - —
Proof. Put
t—1

and construct a circle grid with point set P in the upper half-plane with parameters
M, N and T > M? arbitrary. [We do not need (iv) of Theorem 1 here.] Reflect P
about the z—axis and let their union be 4. Then

] = 2|P| =2N(2M +1) = (t —1)(2M +1)? = n.

Define, moreover,
t—1
B = {Os 3 s=0,:|:1,i2,...,i—2——},

which makes |B|=t.
We are left to calculate the number of distinct distances d(Py,,0s). However,
by Lemma 4,

F(4,B) < N+ (t— 1)M = t—_—‘2—1(2M+1)+(t—1)M=

= (- )M+ 1)~ ot = VRl - 1

Now the general statement of Theorem 2 can be proven by substituting ¢+ 1
for ¢ if ¢ is even and, moreover, finding an n/ > n of type t(2M +1) in place of n.

Thus it is easy to see that v/in—v'tn’ <2t whence the required upper bound follows
immediately. |

Proof of Theorem 3

Just as in the previous proof, we consider special values first.
Lemma 6. Ift>3 is odd, k>2t? and k=(t—1)(2M +1) for some M, then

2
gi(k) > 2(%_1‘)‘

Proof. Put

k. t—1

N=c=—>(2M+1
5 = 5 (ZM+1)
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and construct a circle grid Wlth point set P in the upper half-plane with parameters
M, N as above while T > M? should be made big enough so that each distance
d(PM,OS) be longer than all the d(Pyy, Pyy). (Here we heavily rely upon part (iv)
of Theorem 1.]

Let A=% and, as before,

t—1
%:{os; s:O,il,:l:Z,...,:t—z—},

which, again, makes |B|=t. Moreover,

k2

M| = NCM +1) = .

The point set we have been looking for is defined to be

S=4U3%.

Thus the longest distances within S occur between 4 and B (by the choice of T').

Hence in order to prove that G(S,k) does indeed contain a Kj , it suffices to show

that among the points of 4 and B there are at most k distinct distances d(Pyy, Os).
Again, by Lemma 4, the number of these distances is at most

t—1 k&
N+(t—1)M<N+T(2M+1):§+§Zk. [ |
Also the proof of Theorem 3 can be completed by plugging t+1 in ¢ and picking
an appropriate k' <k of the desired type. [ |
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