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For t fixed, n + t points A 1, A 2, . . . ,  An and B1, B2, . . . ,  Bt are constructed in the plane with 
O ( v ~  ) distinct distances d(AiBj). As a by-product we show that the graph of the k largest 

distances can contain a complete subgraph Kt,n with n -- e(k2),  which settles a problem of 
ErdSs, LovAsz and Vesztergombi. 

1. Introduction 

Given any n + t  points v4 = {A1,A2,... ,An} and ~ = {B1,B2,...,Bt} of the 
plane denote by F(M,2)  the number of distinct distances d(Ai,Bj) (for iX  n and 
j _  t). For each fixed t, put  

ft(n) = min{F(M, 93) ; IM[ = n, 121 = t}. 

We want to determine the order of magnitude of ft(n) as a function of n while t, 
as mentioned above, is fixed. 

The case t = 1 lacks any interest at all, since f l ( n ) =  1 for all n. (Just put  all 
the Ai on a circle around B = B 1 . )  

Proposition. For ali t >_ 2, 

ft(n) >_ [ n x / ~ ]  

and equality holds e.g. for t = 2. 

Proof. Obvious since each Ai must be one of the intersection points of two circles; 
one from a set of ft(n) circles about B1 and another one, from a set of the same 
size, about  B2. 1 

One might guess that  for t > 3 such a low order of magnitude cannot be 
attained; ft(n) will be much bigger than cv/-~. 
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However, this is not the case. We are going to construct point-sets of n + t 
points for every t and n>4t 3 with F ( o d , J 3 ) < V / ~ + 3 t / 2  (see Theorem 2 below). 

Another related problem is the following (see [4]). Let S be a set of points 
in the plane. Let us denote by d 1 > d2 > ... the different distances determined by 
these points and by G(S,k) the graph on the vertex set S obtained by joining two 
points iff their distance is at least d k. Erdhs, Lovs and Vesztergombi call G(S, k) 
"the graph of the k largest distances" of S. They also posed the following problem 

there: 
Given t > 3 and k, how large a complete bipartite graph Kt,n can be contained 

in G(S, ? 
For any positive integers t and k put 

gt(k) = max{n ; 3S ~Kt,n C G(S, k)). 

Again, the case t = l  is not worth mentioning. Otherwise, for t > 2 ,  we have 

g,(k) =o(k  2) 

e.g. from the previous Proposition. Also this order of magnitude will be shown to 
be best possible (in Theorem 3). 

Our basic tools will be certain "grid-like" structures that  we call circle grids 
which, together with our fundamental Theorem 1, are introduced in the next 
section. To give the reader a taste of their flavor, we briefly sketch here how to 
construct point sets that  demonstrate 

f3(n) _< 

If we fix J3= {B_I(-1,0);Bo(O,O);BI(1,0)} then for every Ai the distances between 
Ai and the Bj satisfy 

d2(Ai, Bo) = d2(Ai' B - l )  + d2(Ai, B1) _ 1. 
2 

This suggests that  we make the squares of all distances (on the right hand side) to 
be Cv/-s consecutive members of the same arithmetic progression of integer terms; 
this guarantees that  there will be at most 2 c v ~  possible values for the left hand 
side. A bound of f3 ( n ) <  x / ~  can be proven this way. Circle grids will arise as 
generalizations of this simple idea. 

If  we want to decrease this coefficient v ~  of v ~ ,  we can e.g. consider only 
those points for which the right hand side is an integer. This reduces the size of 
od, as well as the number of the distinct d(Ai,Bo), by a factor of 2 and results in a 
construction with ~ v ~ different distances. 

Remark.  I t  is worth mentioning that  we have been unable to further decrease the 
gap between the upper estimate ~ and the lower bound ~ of f3(n). 
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2. Results and open problems 
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Circle grids 

In what  follows straight lines are considered as degenerate circles. 

Definition. A circle grid ~ of size M • N is a triple (?~,~,50} where the first two 
symbols, 

= { ~ ; i  = 1 , 2 , . . . , M }  and 

= {Hj ; j  = 1 , 2 , . . . , N }  

denote sets of circles (or lines) and we require that  each V~ intersects all the Hi. 
(We might call the curves in ?~ and ~ "vertical" and "horizontal", respectively.) 
The last member  of the triple, 

50 = {Pij;i  = 1 . . . M , j  = 1 . . . N }  

is the point set of the grid where Pij is a common point of ~ and Hj for i = 1 . . . M ,  
j = 1. . .  N.  (Note that  by this definition different point-sets can correspond to the 
same sets of curves.) 

Definition. Let s be a rational number. A subset 2)s of 5 ~ is a diagonal set of slope 
s if, for any PilJl,Pi2J2 E~s, 

(Jl - J 2 ) - = s ( i l  - i 2 ) .  

~)s is maximal if it is not a proper subset of another diagonal set of the same slope 
(see some diagonal sets of slope 1 in Figure 1.). 

Fig. 1 
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The  Theo rems  

Our  a im is to const ruct  circle grids with diagonals as "nice" as those of a usual 
rec tangular  grid. 

T h e o r e m  1. For arbitrary integers M,  N and T >_ M 2 there exists a circle grid 
~T os size ( 2 M  + 1) x N in the upper half-plane with the following properties: M,N 

(i) for any rational number s, each diagonal set ~s of slope s lies on a circle 
abou t  Os = (s, 0); 

(ii) if  Ps is the radius of this circle then 

s 2 + T + l - s M < p 2  s < s  2 + T + N + s M ;  

(iii) if, moreover, s is an integer then also p2 s is an integer; 

(iv) the distances d(Puv, Pu'v' ) are bounded by a quantity independent os T. 

[For large values of s, (i) is meaningless as all the Ds become singletons; 
however, e.g. for small  integer values of s, it is ra ther  s t rong a condition.] 

I t  is wor th  to note  tha t  if we pick t consecutive integers as a range for s, 
then  there  will be  at  mos t  N + t M  different radii d(Pu,v,Os) (see L e m m a  4). If, 
moreover ,  we make  N and M propor t iona l  to v/-n, then  we immedia te ly  get a 
b ipa r t i t e  g raph  wi th  "few" distances. More detailed computa t ions  will prove the  
following assertions. 

T h e o r e m  2. For t > 3 and  n > 4t 3, 

ft( ) 

R e m a r k .  For cer tain values of t and n, also a be t te r  bound  can be found, see L e m m a  
5. On the other  hand  side, if we need an es t imate  wi thout  the assumpt ion  on n, it 
is possible to find one t ha t  involves a t e rm  t 2 as well. 

Also the  ErdSs-Lovs  p rob lem can be sett led, using T h e o r e m  1. 

T h e o r e m  3. For  t > 3  and k > 2 t  2, 

g,(k) > 
- 2t 

[Again, for special values of t and k, be t t e r  bounds  exist, see L e m m a  6.] 



CIRCLE GRIDS AND BIPARTITE GRAPHS OF DISTANCES 17"1 

Unsolved problems 

Several questions concerning circle grids remain open. First of all, the point 
sets (mentioned in Theorem 1) that  we construct will have the degeneracy that  all 
the B j  lie on a straight line. 

Problem 1. Does Theorem 1 hold true even with the additional assumption that  
no three of the B j  be collinear? 

The answer is unknown even for t -- 3. It is not unlikely that  solving this 
problem would require some deep number-theoretic insights. 

f t ( n )  and/or  lim gt(k) Problem 2. Does nl i ln - - ~  k--,oc - - ~  exist and if so, determine them as 

a function of t. 
The following problem of Erdhs [1] was partially solved in [2]: 
Are  there n points  {Pi; i = 1. . .  n}  in the plane that  determine  cn 2 unit  circles, 

i.e for which there exist cn 2 different unit circles that contain three (or more)  o f  
the Pi each? 

An affirmative answer to the above question would be implied by the following 
one (though we believe that  the answer is negative): 

Problem 3. Does there exist an n • n circle grid with all the V/ and the H j  unit 
circles, M1 whose diagonal sets of slope 1 also lie on unit circles? 

A related question that  also involves unit circles was formulated by 
L. A. Sz~kely [3], who was looking for three sets that consist of n concurrent unit 
circles each and cover cn 2 points three times. 

Yet another problem on other types of circle grids: 

Problem 4. Does there exist a circle grid whose V/ and H j  as well as the diagonals 
Ds are all concentric circles? 
[In the structure that  we construct only the ~ lack this property.] 

3. Proofs 

Proof of Theorem 1. 

Let N, M and T ~ M 2 be given. Define ~ (the "vertical" curves) to be the 
set of the vertical lines 

Lu : x --- u /2  for u --- - M , . . . , - 1 , 0 ,  1 , . . . , M .  

Let 2~ (the "horizontal" curves) be the set of circles about the origin 

Cv : x2 + y2 = T + v for v = l, 2, . . . , N.  

Each of these Cv will intersect all the Lu since their radii ~ v are larger than 
M by the assumption T ~ M 2. 

Finally, we define the Puv as those intersection points of the above lines and 
circles which are in the upper half-plane. 
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To prove t ha t  Os = (s;0) satisfies (i), we first ment ion t ha t  the  coordinates  of 
the are (u/2;  whence  

(1) d2(puv, Os) = (u/2 - s) 2 + (T + v - u2/4)  = (s 2 + T) + (v - su). 

Here the  first t e r m  of the last  expression is a constant  if s is fixed and the second 
one, while Puv ranges over the  points  of a diagonal  set of slope s, must  also remain  
a constant .  

To show (ii) and  (iii), just  observe t ha t  by (1), 

p2 s -= d2(Puv, Os) = (s 2 + T) + (v - su), 

whence (iii) is obvious. The  right hand side a t ta ins  its m i n i m u m  for u = M, v = 1 
and its m a x i m u m  for u = - M ,  v = N ,  which proves (ii). 

Also (iv) is clear f rom 

d2(Puv,Pu,v,) = - + T + v -  -~  - T + v t -  < 

where the  two T ' s  cancel. | 

Before turn ing  our a t ten t ion  to the  proofs of the other  two theorems,  we 
es t imate  the  number  of dist inct  distances in the grid just  constructed.  

L e m m a  4. Assume M > t - 1  and pick ~ = ~ Os ; s= O, 4-1, 4-2,..., •  ~. Then 
J 

the number of the distinct distances d(Puv, Os) is at most N +  ( t - 1 ) M .  

Proof. On the one hand  

( ~ 2 1 )  2 t - 1  M d2(Puv, O s ) = p 2 s < s 2 + T + N + s M < _  + T + N +  2 

while on the  other  hand  

d2(p~v, Os) = p~ > s 2 + T +  1 - sM = 

= s ( s - M ) + T + l >  ( b y M  > t - l )  

(t-~-2 } ( ~ - 2 1 }  2 t - 1  M t - 1  1 M + T + I =  + T + I -  
- -  2 

and, of course, there  are N +  ( t - 1 ) M  integers within this range. | 
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Proof of Theorem 2 

First we prove a sharper bound for certain special values of t and n. 

Lemma 5. If t ~  3 is odd, n>_4t 3 and n - - ( t - 1 ) ( 2 M  + l) 2 for some M, then 

t - 1  
St(n)_< ~ - 1 )  

2 

Proof. Pu t  

t - 1 (2M + 1) N = - - - g -  

and construct a circle grid with point set :P in the upper half-plane with parameters  
M, N and T >_ M 2 arbitrary. IWe do not need (iv) of Theorem 1 here.] Reflect 5 D 
about  the x-axis  and let their union be M. Then 

IM] = 2]~ t = 2N(2M + 1) = (t - 1)(2M + 1) 2 = n. 

Define, moreover, 

which makes [~3[ = t .  
We are left to calculate the number of distinct distances d(Puv,Os). However, 

by Lemma 4, 

t - 1  
F(~d,2)  _< N + ( t -  1)M = - - ~ ( 2 M  + 1) + ( t -  1)M = 

t - 1  _ V ~ _ I ) _  t - 1  | 
= (t - 1)(2M + 1) 2 2 

Now the general s tatement  of Theorem 2 can be proven by substituting t + 1 
for t if t is even and, moreover, finding an n / _> n of type t(2M + 1) in place of n. 
Thus it is easy to see that  x/~-tv/~Tn~ < 2t whence the required upper bound follows 
immediately. | 

Proof  of Theorem 3 

Just as in the previous proof, we consider special values first. 

Lemma 6. If t>_3 is odd, k>_2t 2 and k = ( t - 1 ) ( 2 M  + l) for some M, then 

k2 

g (k) > 2 ( t -  1------7 

Proof. Put  
k t - 1  

N - -  2 -- ~ - - ( 2 M + 1 )  
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and construct a circle grid with point set Y~ in the upper half-plane with parameters 
M, N as above while T > M 2 should be made big enough so that each distance 
d(Puv,Os) be longer than all the d(Puv,Pu,v,). [Here we heavily rely upon part (iv) 
of Theorem 1.] 

Let ~d=~ and, as before~ 

Y3 = {Os ; s = 0, +1, -4-2,..., + ~ - ~  } ,  

which, again, makes 12I = t .  Moreover, 

k 2 
I. 1 = N(2M + 1) = 2(t - 1 ) "  

The point set we have been looking for is defined to be 

S = , A  U 23, 

Thus the longest distances within S occur between od and $3 (by the choice of T). 
Hence in order to prove that  G(S, I~) does indeed contain a Kt,n, it suffices to show 
that  among the points of~d and ~ there are at most k distinct distances d(Puv, Os). 

Again, by Lemma 4, the number of these distances is at most 

t - 1  k k=k" 
N +  ( t -  1)M < N +  7 ( 2 M  + 1) = ~ + | 

Also the proof of Theorem 3 can be completed by plugging t+ l  in t and picking 
an appropriate k I < k of the desired type. | 
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